It is shown that the usual processes of linear algebra (e.g., finding Jordan forms, eigenvalues, and eigenvectors) can be carried out in a Borel measurable fashion. These results follow easily from a variant of von Neumann's principle of measurable choice and can be applied to the study of Type I" von Neumann algebras.
Introduction. Denote by Mn the algebra of n x n (complex) matrices, considered as operating on the Hilbert space C". We equip Mn with its usual (operator) norm, along with the subordinate topological and Borel structures.
The main purpose of this paper is to show that many of the processes of linear algebra (e.g., finding Jordan canonical forms) are Borel measurable. The proofs, which turn out to be remarkably simple, depend only on a 'principle of measurable choice' presented as Theorem 1.
The considerations of the preceding paragraph turn out to be important in the study of Type In von Neumann algebras. (This is because such algebras can always be represented as algebras of matrices whose entries are continuous functions.) Indeed, upon examining the papers listed in the bibliography, one finds many arguments which are essentially measuretheoretic in nature. The latter half of the present paper shows how such arguments can be replaced by applications of Theorem 1. Proof. Let £ be a closed subset of Y. Then EnXxF is closed and hence can be expressed as a countable union of compact sets. The natural projection 7rx being continuous, we see that ttx(EC\XxF) is the countable union of compact sets and hence is Borel. In particular, this applies to £= Y, whence ttx(E) is Borel.
Fix a dense subset {yn}%=i in Y. For each x e tti(E), we define cpk(x) (inductively on k) to be the first yn satisfying The algebras Mn(X) have been widely studied (see references); their importance lies in the fact [7] that (to within unitary equivalence) they represent all homogeneous Type I" von Neumann algebras.
To say that (X, p.) is perfect Stonian means that C(X)=Loe(X), i.e., every equivalence class of bounded measurable functions on X has a unique continuous representative. In particular, a subset S of I has full measure (p(X\S)=0) if and only if S is dense in X. These facts are systematically exploited in the study of Mn(X). For example, let A, B e Mn(X) and consider the problem of finding aye M"(X) such that A Y=B. Thus we want 'pointwise solutions' {Y(t)}t€X depending continuously on /. Suppose we could find pointwise solutions {Y(t)}t^x depending boundedly and measurably on t. Then Y has a unique continuous representative Y and A(t)Y(t)=B(t) for almost all t. Since two continuous functions agreeing on a dense subset must coincide, we see that A Y=B.
Thus we do not have to put solutions together continuously-it suffices to assemble them boundedly and measurably. It is the brunt of Theorem 1 that even the measurability requirement may be dropped. (2) For a/most all t, there is an invertible operator P(t) e Mn satisfying pwAWPior^Btt), \\p(tn<K, u [£(,)]-i=/:.
As a final application of Theorem 1, we give a simple proof of Theorem 4.6 of [7] . This result plays a central role in [5] and [7] . Recall that R e Mn(X) is said to be quasi-invertible if the only D e Mn(X) satisfying RD=Q or DR=0 is D=Q. Two matrices A,BeMn(X) are said to be quasi-similar if there exist quasi-invertible matrices R and S in Mn(X) satisfying (1) SA=BS and (2) AR=RB.
Corollary 8 (Hoover).
Let A e Mn(X). There exists a Je Mn(X) such that J(t) is in Jordan canonical form for each t and A is quasi-similar to J. We have for almost all t:
(1) J(t) is in Jordan form,
S(t)A(t)=J(t)S(t), and (3) A(t)R(t)=R(t)J(t).
The matrices involved being continuous, these statements must hold for all (. Moreover, S(t) and R(t) being invertible for almost all /, we see that S and R are quasi-invertible. D Added in proof. If X is merely assumed to be a Stonian space (i.e., not equipped with a measure) then every Borel function on A'differs from a continuous function on a set of first category. Thus Corollaries 5-8 have obvious analogues in this setting.
